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Abstract. The space r2(G) of all based loops in a compact simply connected Lie group G 
has an action of the maximal torus T C G (by pointwisc conjugation) and of the circle 
(by rotation of loops). Let /i : fl{G) ^ (t x iM.)* be a moment map of the resulting T x 
action. We show that all levels (that is, pre-images of points) of fi are connected subspaces 
of il{G) (or empty). The result holds if in the definition of ^l{G) loops are of class G°° or 
of any Sobolev class i/", with s > 1 (for loops of class connectedness of regular levels 
has been proved by Harada, Holm, Jeffrey, and the author in [3]). 



1. Introduction 

Let G be a compact simply connected Lie group and T C G a maximal torus. The based 
loop group of G is the space fl{G) consisting of all smooth maps 'j : ^ G with 7(1) = e. 
The assignments 

T X n{G) n{G), (t,7) ^[S^ 3 t^iz)t-^] 

and 

X n{G) n{G), (e'^7) ^[S'3z^ ^{ze'')^{e'')-'] 

define an action of T x S*^ on Q{G). In fact, the latter space is an infinite dimensional smooth 
symplectic manifold and the action of T x 5*^ is Hamiltonian. Let 

IJ : n{G) (t©«)* 

denote a moment map, where t := Lie(T) and = Lie(S'^). Atiyah and Pressley [T] 
extended the celebrated convexity theorem of Atiyah and Guillemin-Sternberg and showed 
that the image of /i is the convex hull of its singular values. Their proof's idea is to determine 
first the image under /x of the subspace flaig{G) C Q{G) whose elements are restrictions of 
algebraic maps from C* to the complexification of G: they notice that iJ,{Qaig{G)) is a 
closed subspace of (t © iM)*; since fiaig(G) is dense in Q{G) (by a theorem of Segal), they 
deduce from the continuity of /i that 

/i(^](G)) = Mfialg(G)). 

The goal of this paper is to extend to Q{G) the well-known result which says that all 
levels of the moment map arising from a Hamiltonian torus action on a compact symplectic 
manifold are connected. That is, we will prove the following theorem. 

Theorem 1.1. For any a G fi{Q{G)), the pre-image fJ^'^ia) is a connected topological sub- 
space ofQ{G). 



1 MS Classification: 53D20, 22E67 



2 



Remarks. 1. A version of Theorem 11.11 has been proved in [3]. More specifically, instead of 
fl{G) the authors consider there the space fli{G) of all loops ^ G of Sobolev class H^. 
They prove that all reg"u/ar levels of /i : Qi{G) (t©i]R)* are connected. It is not obvious 
how to adapt that proof for singular levels or / and for loops of class C°° . 

2. One can easily see that our proof of Theorem 11.11 works for fi : Qi{G) —>■ (t©iR)* (and 
even loops of Sobolev class H"^, with s > 1) as well. In other words, we can prove that all 
levels of /i : fli{G) ^ (t © iM.)* are connected topological subspaces of Qi{G). We decided 
to deal here with Q{G) (smooth loops) rather than fli{G) because the former is discussed in 
detail in our main reference [TT], and the reader can make the connections directly. 

We will give here an outline of the paper. In section [2] we present basic notions and results 
concerning loop groups. In section [3] we define the key ingredient of the proof of Theorem 
11.11 This is a certain Geometric Invariant Theory (shortly G.I.T.) quotient of fl{G) with 
respect to the complexification T'^ x C* of T x 5^. To define this quotient, we face the 
difficulty that the action on Q{G) mentioned above does not extend to a C* action (only 
the T action extends canonically to a T"-" action). However, for any 7 G fl{G) there is a 
natural way to define the loop wy for any m G C which is contained in the exterior of a 
disk with center at and radius smaller than 1 (which depends on 7); if |m| = 1 then wj is 
given by the action on Q{G) defined above. By putting 7 ~ gu'y, where u is as before 
and g G T'^ arbitrary, we obtain an equivalence relation ~ on Q{G). The G.I.T. quotient 
mentioned before is A/ ~, where A consists of all elements of Q{G) which are equivalent 
to elements of /i~^(a). The main result of section [3] is Proposition 13. 5[ which says that the 
natural map ^^^{a)/ (T x S^) Aj ~ is bijective (the idea of the proof belongs to Kirwan, 
see [SI chapter 7]). In section 4 we note that the image of (/i~^(a) nf2aig(G))/(T x S*^) under 
the map above is {A D f2aig(G))/ ~. The former space is connected (by a result of [3]) and 
we prove that the latter is dense in Aj ~ (see Proposition 14.21) . Consequently, Aj ~ is a 
connected topological subspace of ^{G)l ~. We deduce that ii~^{a)/T x is connected. 
Hence /i~^(a) is connected as well. 

Acknowledgements. I would like to thank Jost Eschenburg for discussions about the topics 
of this paper. I am also grateful to the referee for carefully reading the manuscript and 
suggesting many improvements. 

2. Notions of loop groups 

In this section we collect results about loop groups which will be needed later. The details 
can be found in Pressley and Segal pjj and/or Atiyah and Pressley [Ij. 

Like in the introduction, G is a compact semisimple simply connected Lie group. We 
denote by L{G) the space of all smooth maps S*^ — > G (call them loops). The obvious 
multiplication makes it into a Lie group. By VL{G) we denote the space of all loops which 
map 1 G S"^ to the unit e of G. It can be naturally identified with the homogeneous space 
L{G)/G. In fact, the presentation of Q{G) which is most appropriate for our goals is 

(1) n{G) = L{G'^)/L+{G'^). 

Here G'^ is the complexification of G and L{G'^) the set of all (smooth) loops a : ^ G'^; 
by L^i^G"^) we denote the subgroup of L{G'^) consisting of all a as above which extend 



3 



holomorphically for |C| < 1 (this notion is explained in detail at the beginning of the next 
section). Since L(G^) is a complex Lie group and L+(G'^) a complex Lie subgroup, equation 
([1]) shows that the manifold Q{G) has a complex structure. More precisely, the complex 
structure Jx at a point x G fl{G) is induced by the multiplication by i in the tangent space 
TaL{G^), where a G L{G^) is such that x = aL+{G^). 

Let us embed G into some special unitary group SU{N). We consider the Hilbert space 
H := L'^{S^,C^) and the corresponding "Grassmannian" Gr{H). The latter consists of all 
closed vector subspaces of H which satisfy certain supplementary properties; it turns out 
that Gr{H) can be equipped with a Kahler (Hilbert) manifold structure (the details can be 
found in [TT| chapter 7]). An important subspace of Gr{H) is Gro{H). For the goals of 
our paper it is sufficient to mention that GrQ{H) contains H^, which is the closed vector 
subspace of H spanned hj 3 z z^v^ with A; > and v G C^. Also, the connected 
component of if+ in GrQ^H) consists of all vector subspaces W of H for which there exists 
n > such that 

z'^H+ CW C z-^'H^ 

and 

dim[{z-''H+)/W] = dim[iy/(z"if+)]. 

In other words, if Qn denotes the subspace of all W which satisfy the last two equations, 
then the connected component of if+ in Gtq^H) is IJn>o ^n- important to note that via 
the map 

gn3W^ w/z''H+, 

the space Qn can be identified with the Grassmannian Gr„jv(C^"^) of all vector subspaces 
of dimension nN in 

(2) C^^^^ = z-''H+/z'^H+. 
Also note that we have the chain of inclusions 

(3) 6^0 C 6^1 C 6^2 C ... . 

Less obvious is the fact that for any n > 0, the canonical symplectic structure on the 
Grassmannian makes this space into a symplectic submanifold of Gr{H). The role of the 
above construction is revealed by the following result. 

Proposition 2.1. (a) The map 

(4) niG)^GriH), 7^7^^+ 

is an embedding, which induces on Q{G) a structure of symplectic manifold. Together with 
the complex structure J defined above, this makes Q{G) into a Kahler manifold. 

(b) The image of Qa\g{G) (see the introduction) under the embedding ^ is contained in 

Based on point (b), we identify fiaig(G') with a subspace of Un>o^"- '^^^ inclusions 
induce the filtration 

^alg(G') = y n„, fio C fil C C. . . , 

n>0 
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where 

The space fin is a closed subvariety of the Grassmannian Qn- We refer to the topology on 
^aig(G) induced by the filtration above as the direct limit topology. There is another natural 
topology on fiaig(G), namely the subspace topology, induced by the inclusion f2aig(G) C 
Q{G). 

The following proposition can be proved with the same arguments as Proposition 2.1 of 
[3] (the result is also mentioned in [21 section 2]). 

Proposition 2.2. The direct limit topology on fiaig(G') is finer than the subspace topology. 

Let us consider again the T x action on Q{G) described at the beginning of the paper, 
and the corresponding moment map /i : Q{G) — > (t © zM)*. This is uniquely determined up 
to an additive constant, which will be made more precise momentarily (a standard moment 
map is described explicitly in [H section 3], but we will not need that expression here). For 
the moment, we would like to deduce from Proposition 12. 21 a result which will be useful later. 
Namely, let us take a G by [3l Proposition 3.4], /i~^(a) fl fiaig(G) is a connected 

subspace of fls,ig{G) with respect to the direct limit topology. We deduce: 

Proposition 2.3. For any a G fi{Qa\giG)) , the space fi~^{a) fl flaig{G) is a connected topo- 
logical subspace offl{G). 

There is also an action of T x S*^ on each Qn, n > 0, which can be described as follows. 
We fix a basis, say &i, . . . , b^, of C^, and consider the induced basis z^bj, —n < k < n — 1, 
1 < j < of C^*^^ (see equation ([2])). The action of T on Q^ is induced by 

(5) t.{z%):=z\tb,), 

for any t G T and k,j as above; the action of is induced by 

(6) e''.{z%) := {e''z)% = z''e"'%, 

for all e*^ G S^. This T x action is the restriction of an obvious x C* action: namely, 
in equation (jS]) we take t G and in equation (jH]) we replace e*^ by an arbitrary element of 
C*. The T'^ X C* action turns out to be linear with respect to the Pliicker embedding of Qn 
(see pLt section 4]). Thus, the T x action is Hamiltonian. We pick 

l^n-.Qn^ (t©zM)* 

a moment map, which is again uniquely determined up to an additive constant. We can 
arrange the constants in such a way that if m < n then 

The reason is that Qm is a T x S'^-invariant symplectic submanifold of Qn. We obtain the 
map jl : IJn>o — > (t © iM)* such that = /i„, for all n > 0. The map jl is uniquely 
determined up to an additive constant. The following proposition relates the moment maps 
/i and jl. 

Proposition 2.4. We can choose fi and fl such that 

/^balg(G) = /^balgCG)- 
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Proof. The idea of the proof is that there exists a submanifold Groo{H) of Gr{H) acted on 
smoothly hj T x and such that 

• Gtq^H) C Groo{H) and the inclusion is T x S"^ equivariant 

• there exists fi : Gr^{H) ^ t © zM which is a moment map for the T x action 

• the image of Q{G) under the inclusion (jl]) is contained in Groo{H). 

It is worth noticing that Gr{H) does not admit a smooth action of T x S^; only its subspace 
Gr^{H) does (see [HI section 7.6]). This is why we need to use the latter space in our proof. 

We deduce that differs from yU by a constant; the same can be said about jl\g^^ and 

for any n > 0. The result follows. □ 

Let us consider again the x C* action on Qn defined above. Any of the inclusions 
Gn C. Gn+i is equivariant. Thus, we have an action of x C* on IJn,>o^"- "^^^ same group 
acts on Qaig{G), as follows. We take into account that 

(7) ^^aig(G) = 

where Laig(G"^) is the space of all algebraic maps a : C* ^ G'^ and L^[g(G'^) the subgroup 
consisting of those a which can be extended holomorphically to C. Then the action we are 
referring to is 

(8) X C* X 3 {g, u, ^ [C* 3 C ^ ga{uO]LX{G''). 
The following result will be needed later. 

Proposition 2.5. The inclusion Qa_\g{G) C IJn>o defined in Proposition \2.1\ (h) is x C* 
equivariant. 

Proof. Take 7 G VLs\_g{G), which is of the form 

3 7(2;) = Akz\ 

—k(i<k<ko 

where > 0. Here are N x N matrices with entries in C. The subspace 7-ff+ of H has 
the property that 

for some n > 0. Any element v of has a Fourier expansion of the form v = Ylm>o '^mZ™'-, 
where € C^, for all m > 0. Then 

m>0,feGZ 

The corresponding element of {'yH^)/z'^H^ is 

H = 7^;mod^"i/+ = Yl iA,Vm)z''^"'. 

m>0,—ko<k<ko,k+m<n—l 

In this sum we have m < n — k — 1 < n + kQ — 1. Thus, to describe all elements of 7i?+ / z^Hj^ , 
it is sufficient to take v of the form 

0<m<n+fco — 1 
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IfteT^, then 

m>0,—ko<k<ko,k+m<n—l m>0,—ko<k<ko,k+m<n—l 

Consequently, t.{^Hj^) = {t.'y)H^. Hue C*, then 

m>0,—ko<k<ko,k+m<n—l m>0,—ko<k<ko,k+m<n—l 

This is the same as [('U.7)-u], where 

V= Y y'VmZ"'. 

0<m<7i+fco — 1 

Consequently, u.{jH^) = {u.'y)H^. □ 

Finally, let us pick B C a Borel subgroup with T <Z B. The presentation ([7]) of f2aig(G) 
allows us to define on the latter space a natural action of the group 

i3+ := {a e L+JG^) : a(0) G B} 

on ^^aig(G'). The orbit decomposition is 



AeT 

where the union is disjoint and 

Ca := B+\ 

is called a Bruhat cell. Here T denotes the lattice of group homomorphisms 5*^ T . The 
space C\ is really a (finite dimensional) cell, being homeomorphic to C for some r. In this 
paper, by C\ we will always mean the closure of C\ in the direct limit topology (see above). 
The following property of the Bruhat cells will be needed later. 

Proposition 2.6. For any A G T, there exists n > 1 such that Cx is contained in Qn as a 
X C* -invariant closed subvariety. 

This can be proved as follows. There exists n > 1 such that C\ C Qn, because B+ leaves 
each Qk, k > 0, invariant (see [6l Lemma 3.3.2]). The space C\ is a locally Zariski closed 
subspace of f2aig(G) (see [H Proposition 2.13 and Theorem 3.1]), thus also of fin and of Qn- 
Consequently, the closures of Cx in the Zariski, respectively differential topology of Qn are 
equal. 

Another result concerning the Bruhat cells is the following proposition (cf. [U section 1], 
see also [31 proof of Proposition 3.4]). 

Proposition 2.7. For any Ai, A2 G T there exists A G T such that 

Cx, C C^ and Cx, C C^. 
Consequently, for any x,y E flaig{G) there exists A G T such that both x and y are in Cx- 



3. The equivalence relation ~ 

We begin with the following definition. Take < r < 1. We say that a free loop 
extends holomorphically for |C| > if it is the restriction of a map 

a:{CGCUoo : \C\ > r} ^ 

which is continuous, holomorphic on {C G C U oo : |C| > and smooth on G C : |C| = 
r}; the same terminology is adopted if we take r > 1 and replace ">" and ">" by "<", 
respectively "<" (and also C U oo by C). 

Let L~{G^) denote the subspace of L{G^) consisting of those a which extend holomor- 
phically for ICI > 1 in the sense of the definition above. One knows that any a G L{G^) can 
be written as 

a = a;_Aa+, 

where G L^{G'^), a+ G and A is a group homomorphism ^ T (see pT| 

Theorem 8.1.2]). By using the presentation ([1]), the elements of Q{G) are cosets of the form 
a_AL^(G"'-'), where a_ and A are as above. The following lemma will be used later. 

Lemma 3.1. Take a_,f3_ in L^{G^) and \, fi : ^ T group homomorphisms such that 

a.XL+{G^) = (3.fiL+{G^). 
Let r be a strictly positive real number. 

(a) Assume that r < 1. If a- extends holomorphically for \(\ > r then (3- extends 
holomorphically for |^| > r as well. 

(b) Assume that r > 1 or r < 1 and «_ extends holomorphically for |C| > r. For any 
n G C* with \u\ > r we have 

[S^ 3 a_{uz)]XL+{G^) = [S^ 3 z ^ P_{uz)]fiL+{G^). 

Proof. We have 

(9) a_A = P-fia+, 

where a+ G L+{G^). 

(a) The loops A and fi are one-parameter subgroups in T, thus they have obvious (holo- 
morphic) extensions to group homomorphisms C* —>■ T^. From iQ we deduce that j3- is the 
restriction of a function holomorphic on the annulus 

{CgC : r<|C|<l} 

and continuous on the closure of this space. Consequently, the map ^ i-^ /^-(|) extends 
holomorphically for |^| < i, that is, /5_ extends holomorphically for \(\ > r. Indeed, let 
us consider again the embedding G C SU{N), as in section [2l The resulting embedding 
G^ C Mat^^^(C) is holomorphic. We use the following claim: 

Claim. If/:{^GC : |^|<-}— »Cisa continuous function which is holomorphic on 
e C : < J., 1^1 ^ 1}, then / is holomorphic on G C : 1^1 < I}. 

This can be proved by comparing the Laurent series of / on G C : |^| < 1}, respectively 
{^gC : 1<|^|<-}. The series are equal, since the coefficients of both of them are 
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equal to i|5|=i k E Z (by a uniform continuity argument). Thus, the radius of 
convergence of the first of the two series (which is actually the Taylor series of / around 0) 
is at least equal to ^. The claim is proved. 

(b) From equation ([9]) we deduce that a+ extends holomorphically to C. The reason is 
that the entries of the N x N matrix q;+ = fi' are C-valued functions which are 

continuous on C and holomorphic on C \ G C : |^| = 1}; by the same argument as in 
the claim above, they are holomorphic on the whole C. Again from equation we deduce 
that 

a^{uz)X{uz) = P^{uz)fi{uz)a^{uz), 
for all z G S^. The map 3 z q;+(mz) is in L'^{G'^). We only need to notice that 

X{uz) = X{z)\{u), ii{uz) = ii{z)ii{u). 

□ 

Definition 3.2. (a) Take x G Q{G) and u G C*. We say that the pair {u,x) is admissible if 

• \u\>l 

or 

• |m| < 1 and X = a-\L~^{G^), where G L~{G'^) extends holomorphically for 
ICI > \u\ and X : —>■ T is a group homomorphism. 

If (m, x) is as above and g G T^, then 

gux := g[S^ 3 z^ a4uz)]XL+{G^) 

is an element ofQ{G). 

(h) Take x,y E Q{G). We say that 

X ^ y 

if there exist u E C* and g E T^ such that {u, x) is an admissible pair and y = gux. 

Remark. We can also express gux as 

gux := g[S^ 3 z^ {a^X){uz)]L+{G^), 
because A is a group homomorphism C* T^. 

Note that by Lemma 13.11 the definition of gux in part (a) is independent of the choice 
of the representative a_A of x G L{G'^)/L~^{G'^). The following lemma shows that ~ is an 
equivalence relation. 

Lemma 3.3. (a) If x E ^{G), u E C* and g E T^ such that {u,x) is admissible, then 

{u^^,gux) is admissible and we have 

g^^u^^(gux) = X. 

(b) If X E ^{G), Ui,U2 E C*, and gi,g2 E T^ such that (mi,x) and {u2,giUix) are 
admissible, then {uiU2,x) is admissible and 

{gig2){uiU2)x = g2U2{giUix). 
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Proof, (a) We can assume that g = 1- We write x = a^\L^{G^). Assume first that \u\ > 1. 
The loop 3 z ^ a^{uz) extends holomorphically for |C| > j:^ by C i-^ a-{uQ. The case 

|m| < 1 is even easier to analyze. Verifying that u^^{ux) = a; is equally easy. 

(b) We can assume that gi = 92 = ^- Again we write x = a^\L^{G'^). It is sufficient to 
analyze the case when |miM2| < 1. Thus, at least one of the numbers ImiI and \u2\ is strictly 
less than 1. We distinguish the following two cases. 

Case 1. \u2\ < 1. The loop S'^ 3 z ^ a^{uiz) is well defined and extends holomorphically 
for 1^1 > \u2\- Let a : G C U oo : |^| > |'U2|} — ^ G'^ be an extension of this loop. The 
map d : {C G C U oo : |C| > |miM2|} — ^ G^ given by 



is the desired extension of a_ for |(^| > |miM2| (note that a is holomorphic on |(^| > |miM2|, since 
it is continuous and is holomorphic on the complement of the circle {C G C : |C| = I'^il})- 

Case 2. \u2\ > 1. This implies \ui\ < 1. We notice that the pair {ui^U2x) is admissible: 
indeed, by hypothesis, the loop 3 z ^ a-{u2z) extends holomorphically for |m2C| > 
hence also for \C^\ > \ui\. The pair {u2,x) is admissible too. From the result proved in case 
1 we deduce that {uiU2,x) is admissible. 

The equation U2{uix) = {uiU2)x is straightforward. □ 

The following result relates the equivalence relation ~ to the T x action on Q{G) (see 
section 1). 

Lemma 3.4. Take 7 G ^1{G). If 9 E M., then the pair (e*^,7) is admissible. IftET, then 
the loop te*^7 given by Definition \3.^ (b) can be expressed as 

te^% = t^H~^. 

Here the right-hand side is given by 



for all z E . 

Proof. There exist «_ G L~{G'^) and A : S*^ — ^ T a group homorphism such that the image 
of 7 under the isomorphism ([T]) is a-\L'^ {G^) . This means that 




{t^h-'){z)=t^{ze^')^{e'')-H 



a-\ = 70+, 

for some a;+ G L+(G"^). We deduce that for any z E S 



we have 



[ta4ze'')\{z)]\ie'') = [t^ {z)t^']t^{e'')a+{ze''). 
In other words, via the isomorphism ([1]), to t'~f^t~^ corresponds the coset of 

t[S^ 3z^ a-{ze'^)]\ 
which is the same as te*^(a_AL+(G"^)). 



□ 
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We now denote by A the set of all x G Q{G) with x ~ ?/, for some y G /i^^(a). We are 
interested in the quotient space A/ ~ and the (natural) map fi~^{a)/{Tx S^) Aj ~ which 
assigns to the coset of x G /i~^(a) the equivalence class of x. By Lemma [3.41 this map is well 
defined. 

Proposition 3.5. The natural map 

fi'\a)/{T X S^) ^ A/ 

is bijective. 

Proof. Only the injectivity has to be proved. We have to show that if x,y G /i^^(a) with 
X ~ y, then y = te^^x, where [t, e*^) G T x 5*^. By Definition 13.21 we have 

y = gux 

for some m G C* and g G T*^. We write g = exp{wi) ey:p(iw2) and u = e*"e~^, where 
wi,W2 G t and a,/? G M (here we see —(3 as iiijS)). Since the pair (m, x) is admissible and 
|m| = \e~^\, the pair (e~^,x) is admissible too. By Lemma [3.31 (b) we have 

y = exp(wi)e*°(exp(iw2)e~^x). 

Thus, it is sufficient to assume that 

y = exp(iw2)e~^x. 
Moreover, without loss of generality we assume that 

P>0, 

because if contrary we write x = exp{—iw2)e^y (by Lemma [373] (a)). Let us consider the 
function h : [0, 1] M, 

h{s) = [ix{exp{isw2)C^^x) — a]{w2,iP), 

where < s < 1. Notice that h{s) is well defined for any s with < s < 1: indeed, the pair 
{e~^,x) is admissible hence, because e~'^^ > e~^, the pair (e~'^^,x) is admissible too. Since 
fi{x) = fi{y), we have h{0) = h{l) = 0. Consequently, there exists sq in the interval (0,1) 
such that h'{so) = 0. We denote 

(10) xo := exp{isoW2)e~''^'^^ X. 



Claim. We have 

d 

where Jxq is the complex structure at xq (see section 2) and 



exp{isw2)e ^'^x = Jxo{{w2,i(3).xo), 



{w2,if3).Xo := 

as 



[exp(sw2)e*''^Xo 



arising from the infinitesimal action of T x S*^ on Q{G). 

The claim can be proved as follows. Write Xq = a;_AL+(G"^), where a;_ G L~{G'^) and 
A : 5^ — > T is a group homomorphism. By using Lemma 13.31 and the remark following 
Definition 13. 2[ we have 

e'X'p{isw2)e~^^x = exp{i{s — So)w2)e~^'^~'^°^^Xo = exp{i{s — So)ti'2)(tt-A)-(s-so)-^^(G^^)- 
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Here we have denoted 



for all s in the interval (0, 1) and all z E S^. By the definition of the complex structure J 
(see section 2), it is sufficient to prove that 



(11) 
where 



d_ 

ds 



[exp(i(s - So)w2)ia_\)^(s-so)] = 



[exp(sw2)(«-A)i 



(«_A),,(2) := ia-\)ie''^z) 
for all s G M and all z E S^. By using the Leibniz rule, the left-hand side of flTT]) is 



ds 



\exp{isw2){a_\) _s] = i-^ 

ds 



[exp(sw;2)](tt-A) + i-^ 
ds 



[(a-A)i,]. 



Here we have used that 



and also that 



d 
ds 

d 

ds 



[exp{isw2)] = iw2 = i 



d 
ds 



[exp(sw2)] 



(a_A)(e*^^z), 



for all z E (the last equation follows from the fact that a_A is holomorphic on the exterior 
of a closed disk with center at and radius strictly smaller than 1). The claim is proved. 

From the claim we deduce as follows: 

d 



h'{so) = (c?/i)x'o( 



ds 



{exp{isw2)e '''^x)){w 2,1/3) 



so 



d 



{exp{isw2)e "^x), {w2,il3).xo) 



""''ds 

= {{w2,iP).Xo, {w2,iP).Xo), 

where uu denotes the symplectic form and ( , ) the Kahler metric on Q{G) (see Proposition 
2.1). We deduce that 

{w2,i/3).xo = 
which, according to the claim above, implies that 

d 



ds 



exp{isw2)e '^^xq = 0. 



From this we deduce that 
(12) 



exp(isw2)e "^^Xq = Xq 
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for all s < (note that for any such s, the pair (e *^,Xo) is admissible, since e > 1). 
Indeed, by using Lemma [3.31 we deduce that for any si < we have 

d 
ds 

SI SI 

d 



exp(isw2)e ^'^Xq = — 
ds 

Sl 



{exp{isiW2)e ''^^) exp{i{s - Si)w2)e ^i^'^Xq 
{exp{isw2)e~'''^Xo)) 



d{exp{isiW2)e '"^)xov^ 
0. 



Here we have used the (differential of the) map exp{isiW2)e~'^^^ : Q{G) Q{G) given by 

7 1-^ exp(isiW2)e~'*^^7, 
which is well defined, since e"*^'^ > 1. 

By Lemma 13.31 (a), equation (fT2|) implies that the pair (e~*^,Xo) is admissible for any 
s > 0; moreover, equation (fT2l) holds for all s > as well. We make s = —sq in (fT2!) and 
deduce x = Xo] then we make s = 1 — sq and deduce y = xq. We conclude 

x = y 

and the proof is finished. □ 

Remark. Let M be a compact Kahler manifold acted on by a complex Lie group G, which 
is the complexification of a compact Lie group K, in such a way that the action of K on 
M is Hamiltonian. Kirwan has proved that if x, y G M have the same image under the 
moment map and are on the same G orbit, then they are on the same i^-orbit (see [5l 
Lemma 7.2]). We have used above the idea of her proof. Kirwan's result cannot be used 
directly in our context: first, fl{G) is not a compact manifold; second, and most importantly, 
the T X action on Q{G) does not extend in any reasonable way to a T"^ x C* action. We 
are substituting this action by the equivalence relation ~. 

4. Connectedness of A/ ~ and of fi~^{a) 

We start with the following proposition. 

Proposition 4.1. (a) If x E ^s,ig{G) then the pair {u,x) is admissible (in the sense of 
Definition \3.2^) for any u E C* . The map 

xC* X fiaig(G') ^ ^^aig(G'), {g, u, x) ^ gux 

is the action ofT'^ x C* on fiaig(G) defined in section\^ (see equation 

(b) The image of (/i~^(a) fl r2aig(G'))/(T x S^) under the map in Proposition \3.5\ is {A fl 
flaXg{G))/ ~. The latter space is a connected topological subspace ofQ{G)/ ~. 

Proof. Point (a) follows from equations ([7j) and ([H]) and the remark following Definition 13.21 
To prove the first assertion of (b), we only need to note that if a; G ^a\g{G) and y G Q{G) 
such that X ^ y, then y G Qa\g{G). To prove the second assertion of (b), we note that the 
natural map 

{fi-\a) n Qaig{G))/{T X S') ^ QiG)/ ~ 
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is continuous. We use Proposition I2.3[ □ 

The key result of this section is 

Proposition 4.2. The subspace (A fl fiaig(G'))/ ~ of A/ ~ is dense (both spaces have the 
topology of subspace ofQ{G)/ 

Combined with Proposition 14.11 (b). this imphes 
Corollary 4.3. The space Aj ^ is a connected topological subspace ofQ{G)/ ~. 

In turn, this implies the main result of the paper, as follows. 
Proof of Theorem The natural map 

(13) ^i-\a)/{T X S^) ^Vl{G)/ 

is continuous, one-to-one, and its image is A/ ~ (by Proposition 13. 5p . Since Aj ~ is 
connected (see the previous corollary), we deduce that fi~^{a)/(T x 5*^) is connected as well. 
Consequently, yU~^(a) is a connected topological subspace of fl{G). □ 

The rest of the section is devoted to the proof of Proposition 14. 2[ First, if A G T, we say 
that a point x E Gx is {fi — a)-semistable if 



(14) (TC X C*)x n (/i~^(a) n Gx) ^ 0. 

Here the closure is taken in f2aig(G') with respect to the direct limit topology. We may assume 
that Gx is contained in the Grassmannian Qn as a T*^ x C*-invariant closed subvariety (see 
Proposition 12.61) . Then x is (/i — a)-semistable if and only if it is (/i„ — a)-semistable in the 
usual sense, that is, if 

(TC X C*)x n {^^~\a) n cl) ^ 

(see for instance [5l chapter 7]). This follows immediately from the fact that /i and /i„ 
coincide on Ca, by Proposition 12. 4[ We denote by Gx the set of all semistable points in Gx- 
We also consider the set of all (/i„ — a)-semistable points in Qn- We have 

(15) Vx' = c'xr}g::. 

The following description of the semistable set of Gx will be needed later. 
Lemma 4.4. We have 

Anc~x = c~x\ 

Proof. By Proposition 14.11 (b). we have 

A n naig(G') = (T^ X C*){fi-\a) n Q.i^{G)). 

Consequently, a point x G Q{G) is in A n C\ if and only if x G [(T^ x C*)/i"^(a)] n C\. 
The latter set is obviously equal to (T*^ x C*)(/i~"^(a) fl Gx), which is the same as Gx 
(by Theorems 7.4 and 8.10], applied for the Grassmannian Qn which contains Gx as a 
T*^ X C*-invariant closed subvariety, as indicated above). □ 
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We are now ready to prove Proposition 14.21 

Proof of Proposition^^ We show that in any open subset V oi A/ ~ there exists an element 
of {A n naig(G))/ ~. Since A/ ~ is equipped with the topology of subspace of ^{G)/ ~, we 
can write 

V = {A/ ~) n {U/ ~) = (A n U)/ ~ . 
Here U is an open subspace of Q{G) with the property that for any x G t/, we have 

{y e Q{G) : yr^x}cU. 

The subspace U fl fiaig(G) of fiaig(G) is open in the direct limit topology (because the direct 
limit topology on fiaig(G) is finer than the subspace topology, see Proposition 12. 2p and non- 
empty (because fiaig(G') is dense in fi(G), see [HI section 3.5]). For any x & U nf2aig(G) we 
have 

(16) (T^ X C*)x = {ye fiaig(G) : y ^ x} C U D n,,^{G), 

which follows from Proposition 14.11 (a). There exists A G T such that Gx C\ U 7^ and 
H~^{a) n Ca 7^ 0. Indeed, we can pick x G ^^aig(G') fl U (the intersection is non-empty, 
see above) and y G f2aig(G) fl ji~^{a) (the intersection is non-empty, since a G /i(f2(G)) = 
/i(f2aig(G))); by Proposition 12.71 there exists A G T such that x and y are both in Gx. 

Claim. If A G T is as above, then Ca** is a dense subspace of Gx (here Gx is equipped with 
the direct limit topology it inherits from naig(G')). 

To prove the claim, we consider again a Grassmannian Qn which contains Gx as a x C*- 
invariant closed subvariety. By the main theorem of [4j, there exists on GnuT^x C*-invariant 
very ample line bundle L such that = Q^^{L). The latter space consists of all L-semistable 
points in Qn, that is points x E Qn such that there exists k > 1 and s : X — > L®'^ equivariant 
holomorphic section with s{x) 7^ (cf. e.g. [ID]). Consequently, Qn'^ is a Zariski open 
subspace of Qn- Since Gx = Qn ^ Gx, we deduce that Gx is a Zariski open subspace of 
Gx- The space Gx is non-empty, since /i~^(a) fl Ca C Ca . Thus Gx is dense in Gx with 
respect to the usual differential topology on the latter space: this can be deduced by using 
P, Theorem 2.33] for Gx, which is an irreducible projective variety (cf. [8, p. 360]). 

From the claim we deduce that the intersection Ca"** fl f/ is non-empty (since Ca fl [/ is 
a non-empty subspace of Gx which is open with respect to the direct limit topology). By 
Lemma [4.41 we have 

c^"" nu = Ar]C~xr]U, 

thus 

f/ny4nfiaig(G') 7^ 0. 

By equation (fT6|) . the quotient {U H AnQs,ig{G)) / ~ is a (non-empty) subspace of fi{G)/ ~. 
It is contained in both V = (UnA)/ ~ and {AnQaig{G)) / ~. Consequently, the intersection 
V n [{A n Qa\g{G))/ ~] is non-empty. This finishes the proof. □ 
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